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6. A DEVIATION MATRIX
APPROXIMATION AND APPLICATIONS

This chapter is based on [33].

The research presented in this chapter is motivated by the growing interest in the
analysis of hyperlink networks found in the world wide web and of social networks. A
common feature of these networks is that they are modelled by finite-state Markov
chains that typically have several ergodic classes. This chapter establishes a new
approximation formula for the deviation matrix of finite-state Markov multi-chains.
Using the techniques from previous chapter, this approximation allows for efficient
joint evaluation of the ergodic projector and the deviation matrix. Elaborating on this
approximation, we introduce a new decomposition algorithm for Markov chains that
allows to split the graph on which the Markov chain is defined into subgraphs such that
the connectivity of the chain measured by the Kemeny constant is maximally decreased.
We discuss applications to nearly decomposable Markov chains, decomposition of a
social network into subnetworks, and statistical cluster analysis.

The outline of this chapter is as follows. An introduction into the research topic is
given in Section 6.1. Section 6.2 further motivates the research via a social network
example and introduces the used concepts throughout this chapter. Regarding Markov
multi-chains the same notation is used as in Chapter 5 and in particular as in Section 5.2.
Section 6.3 derives the approximation for the deviation matrix and gives insight into
the error. In Section 6.4 the results are generalized to allow for better numerical
accuracy. A Markov chain decomposition algorithm is presented in Section 6.5 and
several applications are discussed. The chapter is concluded in Section 6.6.

6.1 Introduction

Consider a directed graph with node set S = {1, . . . , S} and set of edges E ⊂ S × S.
Let a Markov chain P be defined on S, so that for i ∈ S the transition probabilities of
going from i to j, denoted by P (i, j) sums to one over all nodes j that are connected by
a directed edge from i, i.e., (i, j) ∈ E. For sake of technical simplicity we equip isolated
nodes with a selfloop, i.e., i is such that there exits no j ∈ S such that (i, j) ∈ E then
we artificially add edge (i, i) to E. We call P a Markovian chain on graph (S,E) and we
consider in the following the weighted directed graph (S,E, P ). The interest in Markov
chains on graphs, i.e., in research that elaborates on the relation between the graph
structure (S,E) and the Markov chain P , stems from the analysis of hyperlink networks
found in the world wide web and the growing interest in the analysis of social networks.
For example, Google’s acclaimed PageRank algorithm used for Google’s search engine
to rank websites on the internet [44, 131] relies on a Markov chain constructed from the
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actual graph constituted by the hyperlink information. In social network theory, the
interaction graph between social agents provides the means for studying naive belief
updating in social networks, where P (i, j) models the strength of the belief that agent i
has in assessments of agent j, see [63]. The study of the wisdom of crowds phenomenon
relies on the application of asymptotic theory of Markov chains to social networks, [77].

A common feature of the graphs encountered in the analysis of real-life networks
reflecting hyperlink connections or interactions in social networks is that they usually
have several strongly connected subgraphs, see, e.g., the study of the web graph from
[45] and the rationale behind the damping factor in Google’s PageRank algorithm for
hyperlink networks [44]. It also comes forward in the social networks from the Stanford
datasets in [134]. As a result the structure of the Markov chain in terms of ergodic
classes and transient states is typically non-trivial.

In the previous chapter, see also [35], a new approach for computing the long-run
behaviour of Markov chains, called Jump Start Power Method (JSPM), has been
presented based on the concept of the modified resolvent of a Markov chain. JSPM is a
power-method type of algorithm that requires no structural information on the chain,
such as ergodic classes and transient states, and allows for fast and efficient evaluation
of the long-run behaviour of the chain P .

This chapter extends the line of research initiated in [35] to the deviation matrix of P .
The fundamental role of the deviation matrix is best expressed by C. D. Meyer who wrote
in [144] that “... virtually everything that one would want to know about Markov chains
can be determined by computing the deviation matrix.”. For example, the deviation
matrix allows to analyse quantitative aspects of the chain such as mean recurrence times
thereby providing information on the “distance” of states. As illustration, an irreducible
class may be decomposable into, say, two subclasses, where (i) a class contains all
states that are “close” to each other and (ii) states from the two classes have a relative
large distance between them. The phenomenon that an ergodic class doesn’t reflect
the limiting behaviour of an Markov chain adequately has been frequently observed in
the literature: it is called homophily in social networks [141] and is known as nearly
decomposability in Markov chain theory [148, 173]. Consequently, identifying the (weak)
links in a network, the removal of which would reveal the actual ergodic classes driving
the network dynamic, is of great interest in the analysis of the limiting behaviour of
Markov chains. In the subsequent section we discuss the contribution of this chapter
where we use a simple social network example for motivating our research and for
illustrating how operations research techniques can be made fruitful in the analysis of
Markov chains on graphs.

6.2 A Social Network Example

Consider the simple social network shown in Figure 6.1. This network consists of 13
nodes, called agents in social networks, numbered from 1 to 13, i.e., S = {1, . . . , 13}.
There is a directed edge from agent i to agent j if the opinions/beliefs of agent i are
influenced by the opinions/beliefs of agent j. A (chaotic) plot of the network is given
in Figure 6.1a. Figure 6.1b is obtained from analysis of the graph structure and shows
that there are three strongly connected subgraphs, the first consisting of social agents
1, 2 and 3, the second consisting of social agents 4, 5, . . . , 10 and 11. The third strongly
connected subgraph containing social agents 12 and 13 turns out to have no influence



6.2. A Social Network Example 113

1

2

3

4

5

6
7

8

9
10

11

12
13

(a) Unstructured plot

13

6 7

8

9

10

11

4 5

12

1

2

3

Ergodic class 1

Ergodic class 2

Transient states

(b) Structured plot based on multi-chain struc-
ture

Fig. 6.1: Figures of the social network example from Section 6.2.

on other agents. Weights are attached to the directed edges reflecting the strength of
influence [63, 191]. Normalizing the weights one obtains a transition probability matrix
P . Assume that for the network in Figure 6.1 we obtain the following Markov transition
matrix.

P =



0 0.5 0.5 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0.99 0 0.005 0.005 0 0 0 0 0 0
0 0 0 0 0 0 0.5 0.25 0.25 0 0 0 0
0 0 0 0 0 0.5 0 0 0 0.25 0.25 0 0
0 0 0 0 0.005 0.995 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0.005 0 0.995 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

0.222 0 0 0.222 0 0.111 0.111 0 0 0 0 0 0.333
0.083 0 0 0.75 0 0.042 0.042 0 0 0 0 0.083 0



,

(6.1)
e.g., P (1, 3) = P (1, 2) = 0.5 means that social agent 1 is equivalently influenced by

agents 2 and 3. In Markov multi-chain terminology (see also Section 5.2), agents 12
and 13 represent transient states and the other two strongly connected subgraphs are
ergodic classes of P , see also Figure 6.1b

An interpretation of P can be given via the so-called random surfer model, which
originates from Google’s PageRank, see also [44]. More specifically, a random walk is
performed on the network of agents where the probability of going from agent i to agent
j is given by entry (i, j) of P in (6.1). The obvious shortfall of this model is the the
surfer will get trapped in the ergodic classes. Therefore, Google’s PageRank algorithm
uses the so-called bored random surfer model where it is assumed that with probability
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1−d the random surfer gets bored and starts anew independent from the past according
to a pre-specified distribution which is usually the uniform distribution over all nodes,
more details can be found in Chapter 7. The intuition behind the random surfer model
is that if a social agent is influential than there is a relative large chance of visiting this
social agent in the long-run of a random walk. More generally, let S denote set of nodes
of the network. Then the long-run fraction of visits to agent j starting from agent i is
given by

ΠP (i, j) = lim
n→∞

(P n)(i, j), for all (i, j) ∈ S× S,

where matrix ΠP can be identified as the ergodic projector as introduced in Section 5.2,
see also [115]. In Chapter 5 ([35]), the modified resolvent

Hα(P ) = αP
∞∑
n=0

(1− α)nP n, α ∈ (0, 1],

has been introduced and it has been shown in Theorem 5.1 that Hα(P ) converges
towards ΠP as α tends to zero for general Markov chains. Specifically, choosing α small,
Hα(P ) yields an approximation of ΠP . For details on convergence properties, we refer
to Chapter 5. The ergodic projector for social network from Figure 6.1 can be computed
to be

ΠP =



0.5 0.25 0.25 0 0 0 0 0 0 0 0 0 0
0.5 0.25 0.25 0 0 0 0 0 0 0 0 0 0
0.5 0.25 0.25 0 0 0 0 0 0 0 0 0 0

0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0
0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0
0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0
0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0
0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0
0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0
0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0
0 0 0 0.059 0.059 0.294 0.294 0.029 0.118 0.029 0.118 0 0

0.129 0.064 0.064 0.043 0.044 0.219 0.219 0.022 0.087 0.022 0.087 0 0
0.052 0.026 0.026 0.052 0.053 0.263 0.263 0.026 0.105 0.026 0.105 0 0



,

Ergodic class 1

Ergodic class 2

which shows that P has ergodic classes {1, 2, 3} and {4, . . . , 10}, and transient states
{12, 13}.

The ergodic projector allows for ranking agents according to their influence through
the values of the ergodic projector ΠP inside the ergodic classes. Specially, ΠP (1, 1) >
ΠP (1, 2) = ΠP (1, 3) implies that the influence ranking inside ergodic class 1 is

1 � 2 ∼ 3,

meaning that 1 is more influential (�) than 2 and 3, and 2 and 3 are equally influ-
ential (∼). This is intuitively clear as both 2 and 3 point towards 1, meaning that 1
influences two agents while 2 and 3 both only influence 1 (which finds 2 and 3 equal
interesting/important). Similar for ergodic class 2, it holds for the influence ranking
therein that

6 ∼ 7 � 9 ∼ 11 � 5 � 4 � 8 ∼ 10,
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which is reasonable since 6 and 7 form the hub in this ergodic class, meaning that they
can be seen as the most influential agents inside ergodic class 2. The ranking between
the ergodic classes is not clear because there is no direct connection between these
classes. In order to achieve a global ranking the bored random surfer approach can be
applied or a weighted ranking of the ergodic classes together with the transient nodes
has to be considered (this last approach is proposed and analysed in Chapter 7, see
also [30]).

For a more detailed analysis of the connections between the agents, we elaborate on
the deviation matrix of P . The deviation matrix DP of P is given by

DP =
∞∑
n=0

(P n − ΠP ). (6.2)

Existence of DP is guaranteed for finite-state aperiodic Markov chains, see [93] for a
proof. The deviation matrix is closely related to the so-called fundamental matrix, [115],
and in fact the fundamental matrix equals DP + ΠP . As was observed in [144], wherever
the fundamental matrix appears it can be directly replaced by DP . Furthermore,
denoting the identity matrix with I, the deviation matrix is known as the group
inverse for I − P in literature [144, 146]. The deviation matrix plays a key role in
many applications including Markov decision processes [161, 125], simulation [76, 189],
perturbation theory [166, 102], first-passage time analysis [144, 101], control of road
networks [62], series expansions of Markov chains [93, 92], ranking methodologies [30]
and speed of convergence to stationarity [61]. Via a controlled Markov decision process,
the deviation matrix even plays an important role in the connection between Markov
chains and the Hamiltonian cycle problem [139, 39]. An alternative expression for the
deviation matrix is

DP = (I − P + ΠP )−1 − ΠP ,

where existence of the inverse is guaranteed, see also [93]. A probabilistic interpretation
for the transient part of DP is as follows: DP (i, j), with i and j transient, is the expected
total number of times that the process is in state j when starting in state i.

Let M(i, j) denote the mean first passage time from i to j, and denote the corre-
sponding mean first passage time matrix by M . In the social network context entry
M(i, j) can be interpreted as the directed distance of social agent i to social agent j.
Note that M is only defined for ergodic states from the same ergodic class. Possible
generalizations of M by means of a bored random surfer approach are beyond the scope
of this chapter. Assuming that P is a uni-chain, it has been shown in [115] that M can
be calculated from the ergodic projector ΠP and the deviation matrix DP as

M = (I −DP + 1 · 1> · dg(DP )) · dg(ΠP )−1

where 1 is an appropriate sized vector of ones and dg(A) indicates the diagonal matrix
of a matrix A, i.e., a zeros matrix where the diagonal is replaced by the diagonal of
matrix A. Particularly for the social network example, calculating M for ergodic states
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from the same ergodic class (i.e., the transient part is left out) gives

M =



2 3 3 − − − − − − − −
1 4 4 − − − − − − − −
1 4 4 − − − − − − − −
− − − 17.08 1 401.7 401.7 432.69 409.2 432.69 409.2
− − − 16.08 17 400.7 400.7 431.69 408.2 431.69 408.2
− − − 3016.08 3000 3.4 3.4 30.99 7.5 34.38 10.89
− − − 3016.08 3000 3.4 3.4 34.38 10.89 30.99 7.5
− − − 3002.08 2986 3 6.38 33.99 10.5 37.37 13.88
− − − 3017.08 3001 1 4.4 31.99 8.5 35.38 11.89
− − − 3002.08 2986 6.38 3 37.37 13.88 33.99 10.5
− − − 3017.08 3001 4.4 1 35.38 11.89 31.99 8.5



. (6.3)

The mean first passage time matrix reveals, see also the marked rectangles above,
that the second ergodic class can be decomposed into two subclasses as the values of
M have significant larger values for paths between the subclasses compared to paths
within the subclasses. Further inspection shows that there exists a weak connection
between 4 and 5 on the one hand and on the other hand 6 to 11. This illustrates the
potential of using M for community detection inside ergodic classes. Note that you are
basically uncovering nearly decomposability of a Markov chain, see also Section 5.2 for
a definition.

Applications of the decomposition of ergodic classes into appropriate subclasses
are manifold. For example, in marketing targeting the most influential agents is of
importance. Community detection provides an interesting tool for identifying the most
relevant agent in a subclass. As our social network examples shows, agents 6 and 7
are most influential in the second ergodic class, which makes them natural candidates
to be targeted by advertisement, but a closer look at the dormant structure of the
second ergodic class shows that both agents belong to the same subclass and targeting,
e.g., agent 6 and agent 4, the two most influential agents in the respective subclasses
will lead to much better information spread. When ranking websites decomposition
techniques can be applied to return a mixed variety of important sites from different
‘subcommunities’. Another type of application is network security where a given network
is divided into subclasses to avoid, for example, the spread of computer viruses. Recently,
the controlled growth of networks has caught interest. In this line of research a controller
can either add or remove links between agents in order to maximize connectivity or
maximize the number of strongly connected subgraphs, see, e.g., [67].

It is worth noting that from ΠP , DP and M , the variance first passage matrix V
can be computed, where V (i, j) denotes the variance of the number of steps required to
reach state j from state i for the first time for all i, j belonging to the same ergodic
class. Assuming that P is a uni-chain with no transient states,

V (i, j) = B(i, j)− (M(i, j))2, ∀i, j ∈ S

where
B = M(2 · dg(DP ) · dg(ΠP )−1 + I) + 2(DPM − J · dg(DPM)),

for more details see Paragraph 4.5 from [115]. Finding a uni-chain P with no transient
states for a given graph (S,E) such that V becomes the zero matrix, is equivalent to
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constructing a Hamiltonian cycle on the graph. In [139, 39] Markov decision theory has
been used for computing Hamiltonian cycles via this Markov chain approach.

Efficient computation of the deviation matrix is of key importance for the decom-
position and the main technical contribution of this chapter is that we show that the
modified resolvent approximation Hα(P ) of ΠP can be used for directly approximating
DP as well. More specifically, an approximation of ΠP is transformed by a simple
matrix multiplication into an approximation of DP :

DP ≈ (I −Hα(P ))
(
I + 1− α

α
Hα(P )

)
, α ∈ (0, 1],

where I denotes the unit matrix of appropriate size. In addition, we establish an upper
bound for the speed of convergence of the above RHS towards DP in terms of α. To
that end we introduce, on top of the already introduced ergodicity parameters r, c and
β from Section 5.2, the following additional ergodicity parameters

ω(P ) = dr(r − 1) + 2cβr(β + (1− β)r)
(1− β)2 (6.4)

and
d = sup

l=1,...,r−1
‖P l − ΠP‖,

where throughout this chapter ‖ · ‖ indicates the ∞-norm. Note that c = sup{‖I −
ΠP‖, d} ≥ d and that γ(P ) from Chapter 5 can be expressed as d+ cβr

1−β using the above
notation. Moreover recall from Chapter 5, specifically Theorem 5.1, that

‖ΠP − (Hα(P ))k‖ ≤ (γ(P )α)k, k ≥ 1.

Evaluating ΠP together with DP allows for quick computation of the matrix of
mean first passage times. Moreover, the Kemeny constant of an ergodic class can be
evaluated as well. The Kemeny constant of a Markov chain P consisting of one ergodic
class, denoted by KP , is given by

KP = tr(DP ) + 1, (6.5)

where tr(A) indicates the trace of a matrix A, see also [120]. An equivalent representation
is

KP =
∑
j∈S

πP (j)M(i, j), ∀i ∈ S,

where πP is the stationary distribution of Markov uni-chain P . In words, KP gives
the expected number of steps till reaching a state which is randomly chosen according
to the stationary distribution of the Markov chain. Somewhat surprisingly, KP is a
constant regardless of the initial state. The Kemeny constant can also be written as a
mapping of the eigenvalues of P [120] or as a function involving the square root and
the inverse square root of ΠP [5]. A network modelled by a Markov chain with a small
Kemeny constant has relative good connectedness, an insight that will be illustrated and
exploited later on. For more background on the Kemeny constant, see [49, 103] and for
an interpretation in terms of a random surfer on the internet which is disorientated, the
so-called navigation problem, see [135]. Specifically, in [120, 121] matrices that obtain
minimal values for KP over certain subclasses of transition matrices are characterized.
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We show in this chapter that one can take the derivative of the Kemeny constant
with respect to any entry of P . This allows for identifying the entry of P whose
derivative of the Kemeny constant has the largest negative value in absolute terms. In
words, one can identify the edge, say (i, j) ∈ E, such that removing the possibility of
going from i to j leads to a maximal decrease in connectivity of the network modelled
by the Markov chain.

We introduce a decomposition algorithm for Markov chains that allows to split
a Markov chain on graphs into subgraphs such that the connectivity of the chain
measured by the Kemeny constant is maximally decreased. Furthermore, applications
of our algorithm are discussed to nearly decomposable Markov chains, decomposition
of a social network into subgraphs, and statistical cluster analysis. For example, the
algorithm applied to the graph from Figure 6.1 yields the decomposition as illustrated
in (6.3).

Remark 6.1. The results established in this chapter and Chapter 5 for discrete time
Markov chains can be easily extended to uniformizable Markov processes. Consider a
Markov process with uniformizable infinitesimal generator Q, i.e.,

−q(i, i) =
∑

j∈S\{i}
q(i, j) and ν = − inf

i∈S
q(i, i) <∞.

Then for transition probability matrix P̃ , defined as P̃ = I + (1/ν)Q, it holds that
ΠP = Π

P̃
and DP = (1/ν)D

P̃
, for more details see [118].

6.3 A New Representation of the Deviation Matrix

We start by providing in Lemma 6.1 an overview of relevant properties of DP . For a
proof of the lemma we refer to Theorem 4.3.3 from [115] where a similar proof applies
but for the fundamental matrix (which equals in our terms to DP − ΠP ). We let 1
denote a n-dimensional vector of ones.

Lemma 6.1. For any finite aperiodic Markov chain it holds that:

(i) DP1 = 0,

(ii) DPΠP = ΠPDP = 0,

(iii) DPP = PDP = ΠP − I +DP ,

(iv) DP (I − P ) = (I − P )DP = I − ΠP .

By applying Abel’s Theorem (see, e.g., [59]) the deviation matrix can alternatively
be written as

DP = lim
α↓0

∞∑
n=0

(1− α)n(P n − ΠP ) (6.6)

= lim
α↓0

(I − ΠP )
∞∑
n=0

(1− α)nP n.
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Relaxing the above limit, replacing ΠP by approximate Hα(P ) and choosing α ∈ (0, 1]
small justifies the following approximation

DP ≈ lim
α↓0

(I −HP (α))
∞∑
n=0

(1− α)nP n (6.7)

where existence of the infinite sum is guaranteed since ‖(1− α)P‖ < 1 for α ∈ (0, 1].
Let

Gα(P ) =
∞∑
n=0

(1− α)nP n, for α ∈ (0, 1],

and introduce the α-dependent approximation of DP from (6.7) as

Dα(P ) = (I −Hα(P ))Gα(P ). (6.8)

Taking Gα(P ) out of the brackets on the above RHS we arrive at

Dα(P ) = (I − P )(Gα(P ))2, (6.9)

or alternatively by noting that

Gα(P ) = I + (1− α)PGα(P ) = I + 1− α
α

Hα(P )

we can rewrite expression Dα(P ) from (6.8) as

Dα(P ) = (I −Hα(P ))
(
I + 1− α

α
Hα(P )

)
. (6.10)

In the rest of this chapter we call Dα(P ) the modified resolvent approximation of
DP . Note that Dα(P ) from (6.10) can be obtained from the modified resolvent Hα(P )
through one additional matrix product.

In the following we will show that Dα(P ) yields an accurate approximation for
DP for α small. We start by providing some straightforward properties of Hα(P ) and
Dα(P ).

Lemma 6.2 (Properties Hα(P ) and Dα(P )). For α ∈ (0, 1] it holds that

(i) Hα(P )1 = 1

(ii) Dα(P )1 = 0

(iii) ΠPHα(P ) = Hα(P )ΠP = ΠP ,

(iv) ΠPDα(P ) = Dα(P )ΠP = 0,

(v) Dα(P )(I − (1− α)P ) = (I − (1− α)P )Dα(P ) = I −Hα(P ).

Proof. Since α ∈ (0, 1], part (i) and (iii) follow almost directly from P n1 = 1 and
ΠPP

n = P nΠP = ΠP for n ∈ {0, 1, 2, . . . }. Statement (ii) follows from (i) and the
expression for Dα(P ) from (6.8). Using this expression for Dα(P ) again together with
(iii) proves (iv). Observing that Gα(P )(I − (1− α)P ) = I proves (v) via (6.8).
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It is worth noting that due to commutative properties, such as for example

(I −Hα(P ))Gα(P ) = Gα(P )(I −Hα(P )),

many representations similar to those put forward in Lemma 6.2 exist.
The following lemma provides an expression for the derivative of the modified

resolvent with respect to α. In addition, the limit of the derivative as α tends to zero is
computed.
Lemma 6.3. For α ∈ (0, 1] it holds

d

dα
Hα(P ) = P (I − P )

(
Gα(P )

)2

and
lim
α↓0

d

dα
Hα(P ) = PDP .

Proof. First focus on the derivative of Hα(P ) with respect to α. By the product rule
for matrix differentiation it holds for α ∈ (0, 1] that

d

dα
Hα(P ) = PGα(P ) + αP

d

dα
Gα(P )

using matrix differentiation calculus for inverse matrices we arrive at
= PGα(P )− αP 2 (Gα(P ))2

and taking out P (Gα(P ))2 gives

=
(
(I − (1− α)P )− αP

)
P
(
Gα(P )

)2
,

which proves the first part of the lemma after some rewriting.
We now turn to the proof of the second part. To see how the derivative behaves for

α ↓ 0 in the limit note that

P (I − P ) = P (I − P )(I − ΠP ) (6.11)

and thus
d

dα
Hα(P ) = P (I − P )Gα(P )(I − ΠP )Gα(P ) (6.12)

since we are allowed to switch order of terms. Again invoking (6.11), inserting expression
(6.6) for DP and using Lemma 6.1, respectively, gives for the first part of (6.12)

lim
α↓0

(I − P )Gα(P ) = (I − P ) lim
α↓0

∞∑
n=0

(1− α)n(P n − ΠP ) = (I − P )DP = I − ΠP

and similar for the second part of (6.12) (again via expression (6.6) for DP )

lim
α↓0

(I − ΠP )Gα(P ) = DP .

Hence, the individual terms in (6.12) converge for α ↓ 0 and we obtain

lim
α↓0

d

dα
Hα(P ) = P lim

α↓0
((I − P )Gα(P )) lim

α↓0
((I − ΠP )Gα(P ))

= P (I − ΠP )DP ,

which proves that limα↓0
d
dα
Hα(P ) = PDP by noticing that ΠPDP = 0 (see also

Lemma 6.1).
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It follows from Lemma 6.3 and (6.9) that the derivative of Hα(P ) is related to
approximation Dα(P ) for DP , in particular

d

dα
Hα(P ) = PDα(P ) = P (I −Hα(P ))

(
I + 1− α

α
Hα(P )

)
.

Furthermore, by Lemma 6.3, the error induced by approximating ΠP by Hα(P ) is
differentiable with respect α and the derivative can be computed to be

d

dα

(
ΠP −Hα(P )

)
= − d

dα
Hα(P ) = −PDα(P )

and
lim
α↓0

d

dα

(
ΠP −Hα(P )

)
= −PDP .

In words, since limα↓0Hα(P ) = ΠP , the error induced by approximating element ΠP (i, j)
through Hα(P )(i, j) for small α is of approximate order −α(PDP )(i, j).

In order to provide explicit norm bounds on the rate of convergence of Dα(P ) to
DP we need two bounds that are given in Lemmas 6.4 and 6.5. The lemmas implicitly
use the following (and similar) bounds

1− (1− α)r ≤ rα and 1
1− (1− α)β ≤

1
1− β , (6.13)

which are applicable since α ∈ (0, 1), β ∈ (0, 1) and r ∈ N (recall that β and r are
ergodicity parameters). In particular, note that the bounds from (6.13) provide good
upper-limits when α is small. This justifies the use of this kind of bound since the
tendency is to choose α small. Recall in the following that ω(P ) is defined in (6.4) as
ω(P ) = dr(r − 1) + 2cβr(β+(1−β)r)

(1−β)2 , where r, c, β and d are ergodicity parameters (for
more details see the end of Section 6.2).

Lemma 6.4. It holds for α ∈ (0, 1) that

‖DP − (I − ΠP )Gα(P )‖ ≤ 1
2ω(P )α.

Proof. Writing DP as ∑∞n=0(P n − ΠP ) and filling in the definition of Gα(P ) gives

‖DP − (I − ΠP )Gα(P )‖ =
∥∥∥∥∥DP −

∞∑
n=0

(1− α)n(P n − ΠP )
∥∥∥∥∥

=
∥∥∥∥∥
∞∑
n=0

(1− (1− α)n)(P n − ΠP )
∥∥∥∥∥ ,

splitting at transient phase r and bounding leads to

‖DP − (I − ΠP )Gα(P )‖ ≤
∥∥∥∥∥
r−1∑
n=0

(1− (1− α)n)(P n − ΠP )
∥∥∥∥∥

+
∥∥∥∥∥
∞∑
n=r

(1− (1− α)n)(P n − ΠP )
∥∥∥∥∥ , (6.14)
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of which the first term can be bounded by∥∥∥∥∥
r−1∑
n=0

(1− (1− α)n)(P n − ΠP )
∥∥∥∥∥ ≤ 1

2dr(r − 1)α. (6.15)

Bounding the second term in (6.14) by taking the norm inside the summation and
using geometric ergodicity to replace ‖P n − ΠP‖ by cβn gives after some rewriting and
bounding∥∥∥∥∥P

∞∑
n=r

(1− (1− α)n)(P n − ΠP )
∥∥∥∥∥ ≤

∥∥∥∥∥
∞∑
n=r

(1− (1− α)n)cβn
∥∥∥∥∥

= c

(
βr

1− β −
((1− α)β)r

1− (1− α)β

)

= cβr
1− (1− α)β − (1− β)(1− α)r

(1− β)(1− (1− α)β)

= cβr
αβ + (1− β)(1− (1− α)r)

(1− β)(1− (1− α)β)

≤ cβr(β + (1− β)r)
(1− β)2 α. (6.16)

Combining bounds (6.15) and (6.16) into (6.14) gives

‖DP − (I − ΠP )Gα(P )‖ ≤
(

1
2dr(r − 1) + cβr(β + (1− β)r)

(1− β)2

)
α = 1

2ω(P )α,

where the constant between brackets is replaced by 1
2ω(P ).

Lemma 6.5. It holds for α ∈ (0, 1) that

‖Hα(P )(I − ΠP )Gα(P )‖ ≤ 1
2ω(P )α.

Proof. Filling in Hα(P ) = αPGα(P ) and writing out Gα(P ) as ∑∞n=0((1− α)P )n gives

‖Hα(P )(I − ΠP )Gα(P )‖ = α

∥∥∥∥∥∥P
( ∞∑
n=0

(1− α)n(P n − ΠP )
)2
∥∥∥∥∥∥

= α

1− α

∥∥∥∥∥∥
∞∑

n1=0

∞∑
n2=0

(1− α)n1+n2+1(P n1+n2+1 − ΠP )

∥∥∥∥∥∥
taking the double sum apart at n1 + n2 + 1 = r, with r the transient phase, gives after
bounding

‖Hα(P )(I − ΠP )Gα(P )‖ ≤ α

1− α

∥∥∥∥∥∥
r−2∑
n1=0

r−2−n1∑
n2=0

(1− α)n1+n2+1(P n1+n2+1 − ΠP )

∥∥∥∥∥∥︸ ︷︷ ︸
(i)
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+ α

1− α

∥∥∥∥∥∥
∞∑

n1=0

∞∑
n2=(r−1−n1)+

(1− α)n1+n2+1(P n1+n2+1 − ΠP )

∥∥∥∥∥∥︸ ︷︷ ︸
(ii)

(6.17)

where notation (x)+ = max(x, 0) is used. The two summation parts are labelled by (i)
and (ii) which will be elaborated in the following, respectively. By observing that, for
n1 = 0, . . . , r − 2,∥∥∥∥∥∥

r−2−n1∑
n2=0

(1− α)n1+n2+1(P n1+n2+1 − ΠP )

∥∥∥∥∥∥ ≤ (1− α)n1 − (1− α)r−1

α
d,

we can bound term (i) from (6.17) as

(i) ≤
r−2∑
n1=0

((1− α)n1 − (1− α)r−1)︸ ︷︷ ︸(
=(1−α)n1 (1−(1−α)r−1−n1 )
≤(1−α)n1 (r−1−n1)α

) d

≤ d
r−2∑
n1=0

(r − 1− n1)α

= 1
2d(r − 1)rα. (6.18)

Term (ii) from (6.17) can be bounded by taking the norm inside the summations and
in turn bounding the summation terms using geometric ergodicity, this leads to

(ii) ≤ α

1− α

∞∑
n1=0

∞∑
n2=(r−1−n1)+

(1− α)n1+n2+1cβn1+n2+1

= αβc
∞∑

n1=0
((1− α)β)n1

∞∑
n2=(r−1−n1)+

((1− α)β)n2

= αβc

1− (1− α)β

∞∑
n1=0

((1− α)β)n1+(r−1−n1)+

= αβc

1− (1− α)β ((1− α)β)r−1
(
r − 1 + 1

1− (1− α)β

)

= αβc((1− α)β)r−1(r − (r − 1)(1− α)β)
(1− (1− α)β)2

≤ αβc((1− α)β)r−1(β(1− α) + (1− β)r)
(1− (1− α)β)2

≤ cβr(β + (1− β)r)
(1− β)2 α, (6.19)

where we used in the penultimate inequality that r−(r−1)(1−α)β ≤ (1−β)r+(1−α)β
for α, β ∈ (0, 1) and r ∈ N.

Inserting the bounds for (i) and (ii) from (6.18) and (6.19) into (6.17), respectively,
gives

‖Hα(P )(I − ΠP )Gα(P )‖ ≤
(

1
2d(r − 1)r + cβr(β + (1− β)r)

(1− β)2

)
α,
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replacing the α-independent term between brackets by 1
2ω(P ) ends the proof.

In the following we will provide a bound for ‖DP − Dα(P )‖. Inserting (6.8) for
Dα(P ) gives

‖DP −Dα(P )‖ = ‖DP − (I −Hα(P ))Gα(P )‖ .

Since (I −Hα(P ))ΠP = 0 (see also Lemma 6.2) we may write

‖DP −Dα(P )‖ = ‖DP − (I −Hα(P ))(I − ΠP )Gα(P )‖
= ‖DP − (I − ΠP )Gα(P ) +Hα(P )(I − ΠP )Gα(P )‖ ,

which can straightforwardly bounded via

‖DP −Dα(P )‖ ≤ ‖DP − (I − ΠP )Gα(P )‖+ ‖Hα(P )(I − ΠP )Gα(P )‖.

Inserting the bounds provided in Lemmas 6.4 and 6.5 leads to the error bound presented
in the following theorem.

Theorem 6.1. For α ∈ (0, 1) it holds

‖DP −Dα(P )‖ ≤ ω(P )α,

where
ω(P ) = dr(r − 1) + 2cβr(β + (1− β)r)

(1− β)2 ,

in which r, c, β and d are ergodicity parameters.

It follows that the norm of the approximation error of Dα(P ) can be bounded by
αω(P ), where ω(P ) is an α-independent finite constant. A direct consequence is that
limα↓0Dα(P ) = DP . Note that the norm error bound for Dα(P ) as approximation for
DP is larger than that of Hα(P ) as approximation for ΠP , i.e., ω(P ) > γ(P ) (see also
Section 6.2), which corresponds to the intuition because DP is more complex than ΠP .
In the following example (which is similar to Example 5.1) Dα(P ) is demonstrated for
a multi-chain with transient states described by transition matrix P .

Example 6.1. Let p1, p2, r1, r2, r3 ∈ (0, 1) and define transition matrix P on state-space
{1, 2, 3, 4} as

P =


1− p1 p1 0 0
p2 1− p2 0 0
0 0 1 0
r1 r2 r3 1−∑3

i=1 ri

 ,
where 0 < ∑3

i=1 ri ≤ 1. Markov chain P is noticeably a multi-chain with ergodic classes
{1, 2} and {3}. State 4 is transient. If p1, p2 are small, then the submatrix describing
the transitions within the ergodic class {1, 2} becomes nearly decomposable. Similar
when ∑3

i=1 ri is small, state 4 is only weakly connected to states {1, 2, 3}. It holds for
the deviation matrix that



6.3. A New Representation of the Deviation Matrix 125

DP =

p1
(p1+p2)2 − p1

(p1+p2)2 0 0

− p2
(p1+p2)2

p2
(p1+p2)2 0 0

0 0 0 0
(p1r1−p2r2)

(∑3
i=1 ri

)
−p2(p1+p2)(r1+r2)

(p1+p2)2(∑3
i=1 ri

)2
(p2r2−p1r1)

(∑3
i=1 ri

)
−p1(p1+p2)(r1+r2)

(p1+p2)2(∑3
i=1 ri

)2 − r3(∑3
i=0 ri

)2
1∑3
i=1 ri


,

for ΠP and Hα(P ) see Chapter 5. Choosing α ∈ (0, 1) it holds for the modified resolvent
approximation for DP that

Dα(P ) =

p1
(p1+p2+α(1−p1−p2))2 − p1

(p1+p2+α(1−p1−p2))2 0 0

− p2
(p1+p2+α(1−p1−p2))2

p2
(p1+p2+α(1−p1−p2))2 0 0

0 0 0 0

Dα(P )(4, 1) Dα(P )(4, 2) − r3(∑3
i=1 ri+α

(
1−
∑3

i=1 ri
))2

∑3
i=1 ri(∑3

i=1 ri+α
(
(1−
∑3

i=1 ri
))2


,

for which

Dα(P )(4, 1) =
(p1r1 − p2r2)

(∑3
i=1 ri

)
− p2(p1 + p2)(r1 + r2) + c1α + c2α

2

(p1 + p2 − α(−1 + p1 + p2))2
(∑3

i=1 ri − α(∑3
i=1 ri − 1)

)2

where we use (α-independent) constants c1 and c2 which are defined as

c1 = 2p2
2(r1 + r2)− 2p1r1

3∑
i=1

ri + 2p2(r1(−1 + p1 + r2) + r2(−1 + p1 + r2 + r3))

and

c2 = −p2
2(r1 + r2) + p2(−r1(−2 + p1 + r2)− r2(−2 + p1 + r2 + r3)) + r1

(
p1

3∑
i=1

ri − 1
)
.

The value of Dα(P )(4, 2) equals Dα(P )(4, 1) when exchanging p1, p2 together with
exchanging r1, r2 (also in c1 and c2). Indeed, it follows that Dα(P ) converges for α ↓ 0
element-wise to DP with error o(α). C

Theorem 6.1 suggests that in order to find a good approximation for DP via Dα(P )
one should use α as small as possible. Unfortunately, choosing α too small may lead to
numerical instability similar as has been reported in Chapter 5 for the modified resolvent
approximation for ΠP . The discussion of numerical issues therein applies here as well.
To overcome this obstacle, we will in the following section present a generalization of
Dα(P ) that allows for better numerical precision.
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6.4 Generalization of the Deviation Matrix Approximation

Choosing α ∈ (0, 1) too small in Dα(P ) leads to numerical issues. In this section we
will provide a generalization of Dα(P ) that allows for better numerical precision. To
this end we will utilize the norm error bound for Dα(P ) from Theorem 6.1 via

‖(DP −Dα(P ))k‖ ≤ ‖DP −Dα(P )‖k ≤ (ω(P )α)k, for k ∈ N. (6.20)

This way relative large α can be compensated by a larger k which leads to better
numerical stability. To elaborate on (6.20), we have to somehow rewrite the LHS of
(6.20) as

‖(DP −Dα(P ))k‖ = . . . = ‖DP −Dα(P ; k)‖, (6.21)
where Dα(P ; k) will serve as k-th order generalization of Dα(P ) (to be introduced later
on). Note that Dα(P ; 1) = Dα(P ). Via (6.20) it thus follows that the norm error bound
of Dα(P ; k) can be bounded by (ω(P )α)k. The key for the rewriting in (6.21) is to
write out the the power using the binomial expansion and neutralizing all powers i < k
of (DP )i using DP (I − P ) = ΠP . After some algebra this leads to

Dα(P ; k) = Dα(P )
k−1∑
i=0

(
k

i+ 1

)(
(P − I)Dα(P )

)i
, for k ∈ N. (6.22)

Theorem 6.1 together with Lemma 6.1 show that limα↓0Dα(P ; k) = DP for all k ∈ N.
Convergence of Dα(P ; k) towards DP is analysed in the following theorem.

Theorem 6.2. It holds for P 6= I, α ∈ (0, 1) and k ∈ N that

‖DP −Dα(P ; k)‖ ≤ 1
‖I − P‖

(‖I − P‖ω(P )α)k,

with Dα(P ; k) defined as in (6.22). In case P = I, DP = Dα(P ; k) = 0 for all k ∈ N.

Proof. We will first show that

DP −Dα(P ; k) = (DP −Dα(P ))k(I − P )k−1. (6.23)

Since DPDα(P ) = Dα(P )DP the binomial theorem gives for the right hand side

(DP −Dα(P ))k(I − P )k−1 =
k∑
i=0

(
k

i

)
(DP )i(−Dα(P ))k−i(I − P )k−1. (6.24)

Using that DP (I − P ) = I − ΠP , it holds for i = 0, 1, . . . , k − 2 that

(DP )i(I −P )k−1 = (DP (I −P ))i(I −P )k−i−1 = (I −ΠP )i(I −P )k−i−1 = (I −P )k−i−1,

similar for i = k − 1
(DP )i(I − P )k−1 = I − ΠP

and for i = k : (DP )i(I − P )k−1 = DP (I − ΠP ) = DP , where we used that DPΠP = 0.
Processing (I − P )k−1 in the summation of (6.24) thus leads to

(DP −Dα(P ))k(I − P )k−1 =
k−2∑
i=0

(
k

i

)
(I − P )k−i−1(−Dα(P ))k−i
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+
(

k

k − 1

)
(I − ΠP )(−Dα(P )) +DP

= DP +
k−1∑
i=0

(
k

i

)
(I − P )k−i−1(−Dα(P ))k−i

= DP −Dα(P )
k−1∑
i=0

(
k

i

)
((P − I)Dα(P ))k−i−1,

where the second equation follows from ΠPDα(P ) = 0. relabelling the indices establishes
(6.23).

Elaborating on (6.23) and straightforward bounding gives

‖DP −Dα(P ; k)‖ =
∥∥∥(DP −Dα(P ))k(I − P )k−1

∥∥∥
≤
∥∥∥(DP −Dα(P ))k

∥∥∥ ‖(I − P )k−1‖ ≤ ‖(DP −Dα(P ))‖k ‖I − P‖k−1

= 1
‖I − P‖

(‖I − P‖ω(P )α)k ,

for P 6= I. For P = I it follows from definition that DP = 0. Since Hα(P ) = I it holds
that Dα(P ) = 0 which implies that Dα(P ; k) = 0 and concludes the proof.

Thus the error of approximating DP through Dα(P ; k) is guaranteed to be of order
O((µα)k), with µ = ‖I − P‖ω(P ) a finite α-independent constant. E.g., for k = 2

Dα(P ; 2) = Dα(P )
(
PDα(P )−Dα(P ) + 2I

)
gives a quadratic decreasing norm error with respect to α. When choosing α too small
numerical issues arise and increasing k can lead to numerically better approximations
compared to Dα(P ) without too much computational effort. To illustrate this, the
∞-norm errors for Dα(P ; k) in case P is the Courtois matrix, see [173] and (6.27), for
varying α and k are plotted in Figure 6.2. Since ‖DP‖∞ = 5000 the relative norm
errors are by a factor 0.0002 smaller. Figure 6.2 shows that smaller norm errors can
be achieved by larger values of k. It holds for all approximations that choosing α too
small leads to numerical issues, visible by the change in trend seen from right to left.
In the following example, Dα(P ; k) for k = 2 is illustrated for P from Example 6.1.

Example 6.2. We re-visit transition matrix P from Example 6.1. It holds for entry
(1, 1) of Dα(P ; 2) that

Dα(P ; 2)(1, 1) = DP (1, 1) + γα2.

where γ is defined as

γ = p1(1− p1 − p2)2(α(1− p1 − p2) + 2(p1 + p2))2

(p1 + p2)2(p1 + p2 + α(1− p1 − p2))4

which is non-negative and finite and can be bounded by an α-independent constant.
Specifically,

γ ≤ p1(1− p1 − p2)2(max{2(p1 + p2); 1 + p1 + p2})2

(p1 + p2)2(min{1; p1 + p2})4 .
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‖DP −Dα(P ; 1)‖
‖DP −Dα(P ; 2)‖
‖DP −Dα(P ; 3)‖
‖DP −Dα(P ; 4)‖
‖DP −Dα(P ; 5)‖

Fig. 6.2: Illustration of absolute norm errors of Dα(P ; k) for P the Courtois matrix (for
visualization purposes a log-log scale plot is shown).

Equivalently, since DP (1, 2) = −DP (1, 1) and Dα(P ; 2)(1, 2) = −Dα(P ; 2)(1, 1) (see
also Lemma 6.2)

Dα(P ; 2)(1, 2) = DP (1, 2)− γα2.

Similar results can be observed for the other elements of Dα(P ; 2), thereby illustrating
the quadratic error reduction w.r.t. α. C

Convergence of Dα(P ; k) towards DP as α tends to zero is established in Theorem 6.2.
We conclude this section by noting that this theorem also shows that for α < ‖I−P‖ω(P )
it holds that

lim
k→∞

Dα(P ; k) = DP ,

i.e., Dα(P ; k) converges to DP as k tends to ∞ for α small enough. Moreover, for any
sequence (km, αm) such that km tends to ∞ and αm tends to zero as m tends to ∞ it
holds that Dαm(P ; km) converges to DP as m tends to ∞.

6.5 Decomposition of Markov Chains

In this section a decomposition for Markov chains is developed. The algorithm makes
use of an approximation of the Kemeny constant KP and its derivative. More specifically,
following (6.5) an approximation for the Kemeny constant KP can be found by utilizing
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approximation Dα(P ) for DP . Let Kα(P ) denote the approximation of the Kemeny
constant given by

Kα(P ) = tr(Dα(P )) + 1. (6.25)

In the following example the relation between the Kemeny constant and connectivity is
illustrated.

Example 6.3. Consider the following simple network with transition probability
µ ∈ (0, 1].

1 2

µ

µ

1− µ 1− µ , i.e., P =
[
1− µ µ
µ 1− µ

]
.

In Figure 6.3 the Kemeny constant is plotted as a mapping of µ for µ ∈ (0, 1]. It shows
that when µ is close to 0 the Kemeny constant becomes arbitrarily large, as path lengths
from 1 to 2 and vice versa tend to infinity, representing poor connectivity, i.e., the
network becomes nearly decomposable into two freestanding states. On the contrary,
for µ = 1 the smallest value of the Kemeny constant is obtained corresponding to best
connectivity. C

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1
3
5
7
9

11
13
15
17
19

µ

KP

Fig. 6.3: Plot of KP = 1 + 1
2µ for P as in Example 6.3.

Since the Kemeny constant reflects connectedness of a network it has a wide
application area. For example, in road networks large values of KP indicate large
average travel times, see [62]. In [5], KP is the basis for stochastic surveillance strategies
for quickest detection of anomalies in networks. Lastly, the Kemeny constant might
provide insight in the information dissemination throughout a social network.

In Subsection 6.5.1 the derivative of the Kemeny constant w.r.t. the transition matrix
in a convex combination model is computed. This derivative of the Kemeny constant
is the main tool of analysis used in Subsection 6.5.2 for developing our decomposition
algorithm. In Subsection 6.5.3 the algorithm is applied to different applications.
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6.5.1 Graph Derivatives of the Kemeny Constant
First we introduce the model used for deriving the directed derivative of the Kemeny
constant. For each edge (i, j) ∈ E we introduce a Markov chain with transition matrix

Rij = P − eie>i P + eie
>
j = P − ei(e>i P − e>j ),

where ei is the i-th row of the identity matrix. In words, Rij equals P but with the
i-th row replaced by the j-th row of the identity matrix. We now perturb P by Rij and
consider the mixed chain Pij(θ) where

Pij(θ) = (1− θ)P + θRij, for θ ∈ (0, 1).

In words, for θ > 0 the chain Pij(θ) for θ > 0 increases the transition probability
from state i to state j with rate θ. In the following we will compute the derivative of
Kα (Pij(θ)) with respect to θ at θ = 0. This derivative gives insight into the effect of
increasing the transition probability from i to j in terms of network connectedness. The
lemma uses notation P (i, ·) to indicate the i-th row of P .

Lemma 6.6. It holds that

d

dθ
Kα(Pij(θ))|θ=0 = (e>j − P (i, ·))Qα(P )ei,

where
Qα(P ) :=

(
(1− 2α)I − 2(1− α)Hα(P )

)
(Gα(P ))2

is independent of i and j.

Proof. First note that via (6.25)

d

dθ
Kα(Pij(θ)) = d

dθ
tr(Dα(Pij(θ))) = tr

(
d

dθ
Dα(Pij(θ))

)
.

In order to find the derivative of Dα (Pij(θ)) we first compute the derivative of Hα(Pij(θ))
with respect to θ. In particular, via standard matrix calculus and recalling that by
definition

Gα(Pij(θ)) = (I − (1− α)Pij(θ))−1

it follows that

d

dθ
Hα(Pij(θ)) = d

dθ
(αPij(θ)Gα(Pij(θ))) ,

using the product rule for matrix differentiation

= α
d

dθ
(Pij(θ))Gα(Pij(θ))− αPij(θ)Gα(Pij(θ))

·
(
−(1− α) d

dθ
(Pij(θ))

)
Gα(Pij(θ)),

taking out some terms

= α
(
I + (1− α)Pij(θ)Gα(Pij(θ))

) d
dθ

(Pij(θ)) (I − (1− α)Pij(θ))−1,
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using that I + (1− α)Pij(θ)Gα(Pij(θ)) = Gα(Pij(θ))
= αGα(Pij(θ))(Rij − P )Gα(Pij(θ)). (6.26)

Writing out expression (6.10) for Dα (Pij(θ)) gives

d

dθ
Dα (Pij(θ)) = I + 1− 2α

α
Hα(P )− 1− α

α
(Hα(P ))2

and thus
d

dθ
Dα (Pij(θ)) =

(1− 2α
α

I − 1− α
α

Hα(Pij(θ))
)
d

dθ
(Hα(Pij(θ)))

− 1− α
α

d

dθ
(Hα(Pij(θ)))Hα(Pij(θ)).

Elaborating on trace properties such as tr(A+B) = tr(A)+tr(B) and tr(AB) = tr(BA)
now leads to

tr
(
d

dθ
Dα (Pij(θ))

)
= tr

((
1− 2α
α

I − 2(1− α)
α

Hα(Pij(θ))
)
d

dθ
(Hα(Pij(θ)))

)
,

inserting expression (6.26) for d
dθ
Hα(Pij(θ)) we arrive after some algebra at

= tr
(
(Rij − P ) ((1− 2α)I − 2(1− α)Hα(Pij(θ))) (Gα(Pij(θ)))2

)
,

filling in θ = 0 and defining Qα(P ) concludes the proof.

For illustration purposes of the approximation we plot in Figure 6.4 the Kemeny
derivative approximation in case P equals the Courtois matrix for all pairs (i, j)
using d

dθ
Kα=10−8 (Pij(θ))

∣∣∣
θ=0

together with the numerical derivative based on exact
calculations1 Clearly, the derivatives via Kα=10−8 (Pij(θ)) instead of KPij(θ) provide
accurate approximations and allow for fast computation. Furthermore, the numerical
values illustrate that edges can be classified according to their impact on the Kemeny
constant.

6.5.2 Decomposition Algorithm
Based on Kemeny constant derivative we are now able to present the Markov chain
decomposition algorithm. The algorithm relies on the following two related key insights:

• Given edge (i, j) ∈ E with a small negative value for d
dθ
Kα (Pij(θ))

∣∣∣
θ=0

means
that decreasing the transition probability from i to j has a large negative impact
on connectivity. Setting P (i, j) to zero, in other words cutting edge (i, j), and
normalizing the i-th row afterwards uncouples the network most significantly.

1 To obtain the numerical derivatives of KPij(θ) a finite different method is applied, in
particular, the numerical derivative for KPij(θ) is calculated via

KPij(θ+10−8) −KPij(θ)

10−8 .
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Fig. 6.4: Illustrations of d
dθ
Kα=10−8 (Pij(θ))

∣∣∣
θ=0

for Courtois matrix P .

• Cutting edges in ascending order w.r.t. d
dθ
Kα (Pij(θ))

∣∣∣
θ=0

, for all (i, j) ∈ E, yields
the most natural decoupling of the network.

The idea of the decoupling algorithm is to continue cutting edges until a predefined
number of ergodic classes are found. In each iteration the modified resolvent approxi-
mation from Chapter 5 is incorporated that allows for a direct analysis of unstructured
Markov chains that may arise due to the cutting. Furthermore, using the diagonal
criterion from Chapter 5 we can directly identify the number of ergodic classes uncovered.
The decomposition algorithm for given P is explicitly stated in the following.

Decomposition Algorithm:

(1) Choose α ∈ (0, 1) small and the number of requested ergodic classes
C.

(2) For every edge (i, j) ∈ E calculate d
dθ
Kα (Pij(θ))

∣∣∣
θ=0

.

(3) Initialize set E = E and the cut transition matrix P c = P .

(4.1) Determine (i?, j?) = arg min(i,j)∈E
d
dθ
Kα (Pij(θ))

∣∣∣
θ=0

.

(4.2) Set P c(i?, j?) = 0, normalize the i?-th row of P c and calculate

Hα(P c) = αP c(I − (1− α)P c)−1.
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(4.3) If round[trace(Hα(P c))] < C set E = E \ {(i?, j?)} and return to (4.1).

(5) Return P c and Hα(P c).

Alternatively, stopping criterion in step (4.3) can be replaced by stopping as soon as

d

dθ
Kα (Pi?j?(θ))

∣∣∣∣∣
θ=0

> 0,

i.e., as soon as cutting (i?, j?) does not significantly contribute to the decoupling
anymore. This stopping rule seems to be a natural way to determine the natural
number of ergodic classes in the network. Whether the Kemeny constant derivative or
variants of it are suitable measures for this purpose is topic of further research. Note
that the algorithm also yields a ranking among states per ergodic class. Further, it
is not necessary to calculate the whole matrix Hα(P c) in step (4.2) by elaborating
onto the structural properties of multi-chains, see also the discussion in Subsection 5.4
of Chapter 5. Also several edges can be cut simultaneously in step (4.1) to reduce
complexity of the algorithm.

6.5.3 Applications
In this Section the application of our decomposition algorithm introduced in the previous
section is illustrated by a series of numerical examples. Three examples are considered:
the Courtois matrix [173], two weakly connected social networks, and an application
to general data cluster analysis. In future research real-life data examples will be
considered.

Nearly Decomposable Markov Chains

The Courtois matrix is a notorious transition matrix of S = 8 that is often used in the
context of nearly decomposability, see [173], and is given by

P =



.85 0 .149 .0009 0 .00005 0 .00005
.1 .65 .249 0 .0009 .00005 0 .00005
.1 .8 .0996 .0003 0 0 .0001 0
0 .0004 0 .7 .2995 0 .0001 0

.0005 0 .0004 .399 .6 .0001 0 0
0 .00005 0 0 .00005 .6 .2499 .15

.00003 0 .00003 .00004 0 .1 .8 .0999
0 .00005 0 0 .00005 .1999 .25 .55


(6.27)

with stationary distribution

π>P =
[
0.089 0.093 0.04 0.159 0.119 0.12 0.278 0.102

]
.

Applying our decomposition algorithm with C = 2 cuts the edges in the following order
before termination:

(7, 1), (7, 3), (7, 4), (4, 7), (5, 6), (6, 5), (6, 2), (8, 5), (8, 2), (2, 8), (2, 6), (1, 8), (1, 6), (3, 7)
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and leads to

Hα(P c) =



.175 .182 .08 .322 .241 0 0 0

.175 .182 .08 .322 .241 0 0 0

.175 .182 .08 .322 .241 0 0 0

.175 .182 .08 .322 .241 0 0 0

.175 .182 .08 .322 .241 0 0 0
0 0 0 0 0 .241 .556 .204
0 0 0 0 0 .241 .556 .204
0 0 0 0 0 .241 .556 .204


,

where we used α = 10−8 for the computation. Further cutting, i.e., choosing C = 3,
cuts additionally:

(4, 2), (5, 3), (5, 1), (2, 5), (1, 4), (3, 4)

leading to (again with α = 10−8)

Hα(P c) =



.402 .417 .182 0 0 0 0 0

.402 .417 .182 0 0 0 0 0

.402 .417 .182 0 0 0 0 0
0 0 0 .571 .429 0 0 0
0 0 0 .571 .429 0 0 0
0 0 0 0 0 .241 .556 .204
0 0 0 0 0 .241 .556 .204
0 0 0 0 0 .241 .556 .204


.

Normalizing π>P on the states of the found ergodic classes in case of C = 2 and C = 3
illustrates that the long-term dynamics inside the classes are not significantly affected
by the cutting algorithm. It is worth noting that the algorithm did only cut edges
between the eventually found ergodic classes. Moreover, not necessarily the smallest
edges of P are cut first, e.g., edge P (4, 7) = .0001 was cut before P (1, 8) = .00005.
This shows that the decoupling algorithm takes the network dynamics into account
instead of superficial indications. Lastly, when terminating the cutting algorithm till
all edges with negative Kemeny constant derivatives are removed, exactly the same
uncoupling is obtained as the cutting algorithm with C = 3. This suggests that the
sign of the Kemeny constant derivative might indeed be used to determine the ‘natural’
decomposition of a network. Further research will indicate whether this claim applies
to general networks as well.

Decomposition of Social Networks

We now perform a similar but larger experiment in the context of social networks. In
particular we set up two social networks: a preferential attachment (PA) network of
500 states as described in [24] and a 400 states Kleinberg (Kl) network from [123]. The
CONTEST Toolbox from [178] was used for computation where we used the default
degree parameter of 2 for the PA network and for the Kl network we used a distance
parameter of 1, 2 large range connections per state and exponent parameter 1.5. On top
of that we randomly add 400 directed edges in the adjacency matrix that connect the
two social subnetworks, in particular, 200 edges from the PA network to the Kl network
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and 200 edges vice verse. The randomly added edges are assigned weight 0.02 instead
of 1 and the adjacency matrix is afterwards normalized to obtain P . The objective
then is to identify via the decomposition algorithm the original PA and Kl networks in
the fully connected network without using any prior knowledge.

Figure 6.5 presents the numerical results. In the left upper corner the 900 state
network is plotted as described by the original P , the right upper corner shows the
network described by P c after applying the decomposition algorithm with C = 2.
In particular, for network P an edge (i, j) is drawn between node i and j when the
corresponding element in P is non-zero, i.e., P (i, j) > 0 (similar for P c). The network
shown in the left bottom corner gives a restructured version of the cut network P c so
that the original PA and Kl networks emerge, moreover the cut edges are indicated in
red. In the right bottom corner the remaining non-zero values of the P matrix, after
the cutting algorithm (with C = 2) is applied, are shown as blue dots. Furthermore,
the cut edges are indicated by red crosses meaning that the union of blue dots and red
crosses show all non-zero values of the original P matrix (i.e., showing all present edges
from the original network).

As can be seen from the results the decomposition algorithm successfully identifies
the two subnetworks without cutting many edges inside the remaining subnetworks.
We performed a series of numerical experiments on this example and we observed
that there are different aspects that determine whether the decomposition algorithm
uncovers the PA and Kl subnetworks or related whether a natural uncoupling exists.
These aspects include: the number of randomly added edges (less edges means that the
subnetworks come forward more easily), the probability of the added edges (smaller
chances stimulate detection of added edges by the algorithm), the connectivity degree
inside subnetworks, and the location of randomly added edges (in case key players are
connected from multiple subnetworks, the connectivity between the subnetworks could
be large and consequently may complicate original subnetwork detection).

Data Clustering

A natural application of the decomposition algorithm is to clustering, a technique used
for exploratory data analysis. More specifically, consider S data vectors x1, x2, . . . , xS
of arbitrary dimension. The main objective in data clustering is to divide the data
into C clusters, where C is given. In applied data clustering the problem is that it is
unusual for the user to know the most natural choice of C beforehand. Here we apply
and illustrate that our decomposition algorithm may be a suitable tool in this context.

First, we have to set-up the transition matrix P corresponding to the data. For this
we use the same approach as described in [149] and the references therein. In particular,
a S × S symmetric similarity matrix S is considered with elements

S(i, j) = exp
(
−‖xi − xj‖

2

σ

)
, for all i, j = 1, 2, . . . , S,

where
σ = 1

S − 1

S∑
i=1
‖xi − µ‖2 and µ = 1

S

S∑
i=1

xi.

This is the so-called Gaussian similarity function which is the most commonly used
function for spectral clustering algorithms in literature, [149, 185]. Once the elements
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of S are determined a random walk is induced on the graph to create transition matrix
P by normalizing the rows of S such that they sum up to 1, more formally,

P = (dg(S1))−1S,

where dg(S1) is a zeros matrix of appropriate size where the diagonal is replaced by
vector S1. The transition matrix P is then used in the decomposition algorithm to find
a data clustering.

For illustration purposes we consider S = 13 two-dimensional data vectors given
in the left plot of Figure 6.6 as dots. Furthermore, the ellipses include the three data
clusters found using the decomposition algorithm with C = 3. The cutting algorithm
with C = 3 correctly finds the three natural clusters and does not cut any edges inside
the found clusters. Alternatively, when terminating the cutting algorithm in case no
negative Kemeny constant derivatives are left, some edges inside the clusters are cut
as shown in the right plot in Figure 6.6. In particular, x4 = (1, 5) becomes a transient
state that leads to the cluster in the left bottom corner of Figure 6.6. Although x4
still leads to the cluster to which it naturally belongs, the cluster looses the property
of being strongly connected which might be unwanted. On the other hand, the cut
edges pointing towards x4 had Kemeny constant derivatives −5.2,−1.8,−3.6 and −1.7
while on average the Kemeny constant derivative is −394.1 and moreover the number
of clusters is still correct.

To summarize, the sign of the Kemeny constant derivative in the data clustering
context could be too rough and a variant might be applied to determine the natural
number of clusters. Nevertheless, this dummy example shows the potential of Kemeny
constant derivatives as a direct measure for number of clusters determination and
uncovering without having to resort to different clustering algorithms as for example in
[149].

6.6 Conclusion

In this chapter a new approximation formula for the deviation matrix of finite-state
Markov multi-chains is established. The approximation allows for efficient joint eval-
uation of the ergodic projector and the deviation matrix. A range of applications of
the new approximation to the analysis of networks has been presented. In particular
a decomposition algorithm for Markov chains has been introduced based on the con-
cept of a structural perturbation of the Kemeny constant. Future research includes
improving numerical stability of the deviation matrix approximation for small values of
α and further development of the decomposition algorithm possibly tailored to different
applications.
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Plot of original network described by P . Plot of network described by P c
after applying the

decomposition algorithm for C = 2.

Effect of the decomposition algorithm
after restructuring:

red edges are cut, blue edges remain.
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Fig. 6.5: 900 states social network consisting of the weakly connected PA and Kl
subnetworks.
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Fig. 6.6: Illustrations of data clustering for n = 13 data points.
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